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Are these algorithms “optimal”?

CG CGonA'Ax=A"b GMRES
(or MINRES)
A is SPSD Arbitrary A Arbitrary A
0(vklog1/¢) Iterations O(kxlog1/¢) Iterations n lterations
Computes x - Ax Computes x » Ax and x » A'x Computes x - Ax
In what way can we say these methods are “ e

Are they optimal in a RandNLA world?
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Complexity P P
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Matrix-vector Matrix-Vector Oracle Model
n View the matrix-vector product as our computational atom
Complexity P P

x - black box - Ax
* This is the only way we interact with A

« CG/MINRES/GMRESY/... all have this shape

Problem Statement

Given 4 e R™" b e R", ¢ > 0, return ¥ € R" s.t.
X — A7'bll, < ]|A7H,||bll,

« What is the fewest possible number of matrix-vector
products needed to solve this for all cond(4) < k ?

« Methods matching this have “optimal matvec complexity”
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where p; are the eigenvalues of B.

If we define T'(x) to be the polynomial that has the least deviation from 0 on
the interval [gmin , umsx] and satisfies 7(0) = —1 we can use it to get a simpler
estimate than (4.2). If the deviation from zero is e, then | T(u:) | £ € and we may
apply Theorem 2.2. It is well known that:

. NTHL
ﬁT(ZD) =T pmax Tt Hmin . 2 E)[Tk (.u'mnx + me):l
max — HMmin  Mmax — Mmin Mmax — Mmin
and that the deviation e is the last factor. So we get:
TuarorEM 4.3. Under the hypotheses of Theorem 3.2 the following s true:

43) 49— 71 5 [ 7 (e bm) [Ty gy,
Mmax

Hmin,

the conjugale gradients method. Then:

k1

(4.2) A — 5l = (2

=1

174)

IT (s — wa)

| (
]

It is obvious that (4.3) is worse than (4.2). If we use inequality (2.2) we can reduce
(4.3) to:

(44) lag -7l < [T(H)]ﬁ 171

This result is known [13]. It can be established without using the auxiliary matrix
B. It follows directly from Proposition 2.1. Certainly (4.4) is worse than (4.3).
In the general case one can hope that (4.2) is considerably better than (4.4) as the
following example shows:

Example. If Mnin/Mmax 28 SMall, pmin = 1 < p2 < <o+ < o1 = Pnax @0 pigy —
i = d, then estimate (4.2) yields:

g = 1< [ Yyt~ e

Hmax Hmin

Estimate (4.4) results in:

120 -1 s [m (et 2y Py (142 (22 ) ) T

The first estimate is obtained by taking into account only the middle term of
(4.2), while the second estimate is obtained by approximating T%(1 -+ §) by
31+ (20)")"

We did not assume a particularly favorable distribution. A look at (4.2) reveals
that if two eigenvalues are close one to the other, then the right-hand side of (4.2)
is very small. In the limiting case where the two eigenvalues coincide we get
|l A4g — || = 0. This result can be inferred from Theorem (2.2).

Nevertheless, estimate (4.4) cannot be improved. This fact is known [13]. Let
us use Theorem 3.1 in order to prove it. By the spectral decomposition theorem we
can find for any operator A and any function f € H a positive measure V so that:

Solving indefinite systems

The best matrix-vector complexity knownis O(klog1/¢)

Shmuel Kaniel. “Estimates for Some Computational Techniques in Linear Algebra,” Math. Comp. 1966
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We did not assume a particularly favorable distribution. A look at (4.2) reveals
that if two eigenvalues are close one to the other, then the right-hand side of (4.2)
is very small. In the limiting case where the two eigenvalues coincide we get
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Nevertheless, estimate (4.4) cannot be improved. This fact is known [13]. Let
us use Theorem 3.1 in order to prove it. By the spectral decomposition theorem we
can find for any operator A and any function f € H a positive measure V so that:

Solving indefinite systems

The best matrix-vector complexity knownis O(klog1/¢)

« This hasn’'t changed since the 1960s (left)

Shmuel Kaniel. “Estimates for Some Computational Techniques in Linear Algebra,” Math. Comp. 1966
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It is obvious that (4.3) is worse than (4.2). If we use inequality (2.2) we can reduce
(4.3) to:
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This result is known [13]. It can be established without using the auxiliary matrix
B. It follows directly from Proposition 2.1. Certainly (4.4) is worse than (4.3).
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following example shows:
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The best matrix-vector complexity knownis O(klog1/¢)
« This hasn’t changed since the 1960s (left)

« Can we really not do better than CGon ATAx = A" b?

Shmuel Kaniel. “Estimates for Some Computational Techniques in Linear Algebra,” Math. Comp. 1966
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It is obvious that (4.3) is worse than (4.2). If we use inequality (2.2) we can reduce
(4.3) to:

(44) lag -7l < [T(H)T 171

This result is known [13]. It can be established without using the auxiliary matrix
B. It follows directly from Proposition 2.1. Certainly (4.4) is worse than (4.3).
In the general case one can hope that (4.2) is considerably better than (4.4) as the
following example shows:
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Estimate (4.4) results in:
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The first estimate is obtained by taking into account only the middle term of
(4.2), while the second estimate is obtained by approximating T%(1 -+ §) by
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We did not assume a particularly favorable distribution. A look at (4.2) reveals
that if two eigenvalues are close one to the other, then the right-hand side of (4.2)
is very small. In the limiting case where the two eigenvalues coincide we get
|l A4g — || = 0. This result can be inferred from Theorem (2.2).

Nevertheless, estimate (4.4) cannot be improved. This fact is known [13]. Let
us use Theorem 3.1 in order to prove it. By the spectral decomposition theorem we
can find for any operator A and any function f € H a positive measure V so that:

Solving indefinite systems

The best matrix-vector complexity knownis O(klog1/¢)
« This hasn’t changed since the 1960s (left)
« Can we really not do better than CGon ATAx = A" b?

« Even with randomized methods?

Contribution 1: CG on the Normal Equations is Optimal

Theorem: Any (possibly randomized) algorithm that
converges must compute = klog 1/ matvecs.

Shmuel Kaniel. “Estimates for Some Computational Techniques in Linear Algebra,” Math. Comp. 1966
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It is obvious that (4.3) is worse than (4.2). If we use inequality (2.2) we can reduce
(4.3) to:
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This result is known [13]. It can be established without using the auxiliary matrix
B. It follows directly from Proposition 2.1. Certainly (4.4) is worse than (4.3).
In the general case one can hope that (4.2) is considerably better than (4.4) as the
following example shows:
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We did not assume a particularly favorable distribution. A look at (4.2) reveals
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Nevertheless, estimate (4.4) cannot be improved. This fact is known [13]. Let
us use Theorem 3.1 in order to prove it. By the spectral decomposition theorem we
can find for any operator A and any function f € H a positive measure V so that:

Solving indefinite systems

The best matrix-vector complexity knownis O(klog1/¢)

« This hasn’t changed since the 1960s (left)
« Can we really not do better than CGon ATAx = A" b?
« Even with randomized methods?

Contribution 1: CG on the Normal Equations is Optimal

Theorem: Any (possibly randomized) algorithm that
converges must compute = klog 1/ matvecs.

« Constants matches upper bound to a factor of 4!
« Randomness does not help!

There are reasons to not run CG on the normal equations.

Shmuel Kaniel. “Estimates for Some Computational Techniques in Linear Algebra,” Math. Comp. 1966
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Enter: Transpose-Free Numerical Linear Algebra
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- Transpose-Free Methods

A THEORETICAL COMPARISON OF THE ARNOLDI
AND GMRES ALGORITHMS*
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It's slower because of hardware

SIAM J. MATRIX ANAL. APPL. © 1992 Society for Industrial and Applied Mathematics
Vol. 13, No. 3, pp. 778-795, July 1992 007

It’s noisier when A" x is a gradient

HOW FAST ARE NONSYMMETRIC MATRIX ITERATIONS?*

NOEL M. NACHTIGALf, SATISH C. REDDY}, anDp LLOYD N. TREFETHEN§

More reasons...

O  But GMRES needs n matvecs in the worst case! (left)
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% T 0 % w0 s

“Example C” from Nachtigal et al. Transpose-free
algorithms GMRES and CGS both need n matvecs.
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Transpose-Free Methods

Some reasons why you don’t want to compute x » Ax

It's slower because of hardware

It’s noisier when A" x is a gradient

More reasons...

But GMRES needs n matvecs in the worst case! (left)

Contribution 2: GMRES is optimal (normal matrix, k = 1)

Theorem: Any (possibly randomized) algorithm that
achieves ¢ < % must use n — 1 matvecs, evenifkx =1

Randomness does not help!

Machine precision isn’t possible! (if n < 10'°)

This is worst case analysis: GMRES clearly works
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Next: How to prove the theorems.



Polynomial
Approximability
and
Matvec

Complexity




Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]

\
1.0§

05}

-] /¥
degree(p)=5
degree(p)=10

= degree(p)=20

Why does MINRES/CGNR converge in O(k log1/¢)?



Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]

\
1.0§

05}

-] /¥
degree(p)=5
degree(p)=10

= degree(p)=20

Why does MINRES/CGNR converge in O(k log1/¢)?

Polynomial approximation




Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]

\
1.0§

05}

Why does MINRES/CGNR converge in O(k log1/¢)?

Polynomial approximation

: —
1 K
-] /¥
degree(p)=5
degree(p)=10
= degree(p)=20

LetD, =[—k,—1] U [1, k]



Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]

\
1.0§

05}

-] /¥
degree(p)=5
degree(p)=10

= degree(p)=20

Why does MINRES/CGNR converge in O(k log1/¢)?

Polynomial approximation

LetD, =[—k,—1] U [1, k]
There exists p of degree t with

1. t < klog(1/e)

2. [p(x) —3| < e forallx € D,



Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]

\
1.0§

05}

Why does MINRES/CGNR converge in O(k log1/¢)?

Polynomial approximation

: —
1 K
a1 /X
degree(p)=5
degree(p)=10
= degree(p)=20

Let D, =[—x,—1] U [1, K]
There exists p of degree t with
1. t < klog(1/¢)

2. [p(x) —3| < e forallx € D,

So, with t matvecs, we can compute p(4)b ~ A™1b.



Warmup:
Upper Bound

Poly. Approx. to 1/z on|—~x, — 1] U [, k]
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Why does MINRES/CGNR converge in O(k log1/¢)?

Polynomial approximation

: —
1 K
a1 /X
degree(p)=5
degree(p)=10
= degree(p)=20

Let D, =[—x,—1] U [1, K]
There exists p of degree t with
1. t < klog(1/¢)

2. [p(x) —3| < e forallx € D,

So, with t matvecs, we can compute p(4)b ~ A™1b.

Idea: Flip this perspective into a lower bound!



Lower bound

Any linear system solver uses at
least Q(xlog(1/¢)) matvecs

3 step proof! (15 pages)
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Lower bound 1. Polynomial Inapproximability

Any polynomial that has |p(x) — x71| < & for all x € D,

must have degree t, = klog(1/¢).
Any linear system solver uses at

least Q(x log(1/¢)) matvecs Basic Polynomial Theory

2. Trace Incomputability

3 step proof! (15 pages)
Any algorithm that estimates tr(471) to error || A7~

must compute = t, matvecs.
In the paper:

- Good constants
- Different error metrics

- gF’SD Ci_aS?_ bevond o 3. From Ax=b to Trace Estimation
- Generalization beyond f(x) = x Any algorithm that can solve Ax = b to error ¢ = 1/n can
estimate tr(4™1) to error ||A7Y|5.

Distillation & Generalization of [Chewi et. al.]

Girard-Hutchinson Estimator
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and CGS both need n matvecs with k = 1.
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From columns to rows

Hidden Haar Theorem:
« Suppose A4 is a uniformly (Haar) random orthogonal matrix

* Any algorithm that computes k matvecs with 4

« Without loss of generality, it just looks at the first k columns

Implications

1. Since the first row of 4 is a random unit vector in R",
2. And WLOG you observe the first k entries of that vector,

3. You cannot figure out what the rest of the vector is.

Conclusion

You cannot solve Ax = b with fewer than n — 1 matvecs.



Q&A
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